The deflection of compliant mechanism CM which involves geometrical nonlinearity due to large deflection of members continues to be an interesting problem in mechanical systems. This paper deals with an analytical investigation of large deflections in compliant mechanisms. The main objective is to propose a convenient method of solution for the large deflection problem in CMs in order to overcome the difficulty and inaccuracy of conventional methods, as well as for the purpose of mathematical modeling and optimization. For simplicity, an element is considered which is a cantilever beam out of linear elastic material under vertical end point load. This can further be used as a building block in more complex compliant mechanisms. First, the governing equation has been obtained for the cantilever beam; subsequently, the Adomian decomposition method ADM has been utilized to obtain a semianalytical solution. The vertical and horizontal displacements of a cantilever beam can conveniently be obtained in an explicit analytical form. In addition, variations of the parameters that affect the characteristics of the deflection have been examined. The results reveal that the proposed procedure is very accurate, efficient, and convenient for cantilever beams, and can probably be applied to a large class of practical problems for the purpose of analysis and optimization.
Introduction
In recent years, it has turned out that many phenomena in engineering, physics, chemistry, and other branches of science can be described very successfully by nonlinear models using mathematical tools. Generally, these problems cannot be solved explicitly, and normally fail to yield exact solutions. This is why over time, so many methods have been developed for approximate or numerical solutions. The perturbation method 1 is one of the well-known methods to solve nonlinear equations. However, since using the common perturbation method is based upon the existence of a small parameter, developing methods for the applications which do not contain small parameters is difficult. Very recently, some promising approximate analytical solutions were proposed, such as Exp-function method 2, 3 , variational iteration method VIM 4-6 , homotopy-analysis method HAM 6, 7 , and homotopy perturbation method HPM 6, [8] [9] [10] [11] [12] [13] . Other methods are reviewed in 14, 15 . In the beginning of the 1980s, Adomian 16, 17 proposed a new and fruitful method the so-called Adomian decomposition method, ADM for solving linear and nonlinear algebraic, differential, partial differential, integral, etc. equations. It has been shown 18, 19 that this method yields a rapid convergence of the solutions series to linear and nonlinear deterministic and stochastic equations. In method, the solution of a functional equation is considered as an infinite series which is in practice limited to a finite number of iterations to converge rapidly to accurate solutions. It is well known that this method avoids linearization and unrealistic assumptions, and efficiently provides a numerical solution with high accuracy.
A compliant mechanism CM is a mechanism that gains some or all of its motion from the deformation of slender segments rather than from relative motion between rigid-body links connected by joints 20 . CMs have many advantages over their rigid body counterparts such as single-piece production, absence of coulomb friction, no need for lubrication, and compactness. Applications range from surgical instruments to MEMS 20 . However, the design of CMs is complicated by the flexible members which include elastic links and elastic hinges. These usually undergo large deflections which introduce geometric nonlinearities. Therefore, the study of large deflections in elastic beams has long been one of the central themes of interest aiming at accurately describing the deformation in CMs 20, 21 . Since in these applications, curvature is nonlinear due to both material and geometrical nonlinearities, a nonlinear mathematical formulation should be considered. Consequently, deflections are difficult to determine by analytical methods, hence numerical and approximate methods should be employed. Due to the complexity of the nonlinear governing equations, only a few studies have been carried out so far to investigate the nonlinear deformation of beams 22-26 . The principal aim of this work is to investigate the feasibility of the ADM method in analyzing compliant mechanical systems. In particular, this work aims to overcome the difficulty and inaccuracy of conventional methods which depend on elliptic integrals and functions or which are based on linear beam theory. As a secondary aim, the ADM method is applied to a cantilever beam to obtain the approximate analytic expressions for the rotation angle as well as vertical and horizontal end point displacements, in order to use it as a building block for the purpose of mathematical modeling and optimization of more complex CMs such as the work of 27 . Thirdly, we are investigating the accuracy and efficiency of this method for the discussed problem.
The cantilever beam is assumed to be initially straight, inextensible, rigid in shear, of constant cross-section and end point loaded by force. This force is perpendicular to the initial beam axis and keeps this orientation as its magnitude is increased. The material is assumed to follow linear elastic stress-strain behavior and to be isotropic.
The paper is organized as follows: firstly, the moment-curvature relationship and governing equation are presented in Section 2.1. Since often only infinitesimal displacements are considered, the governing equation for small deflection is also presented in this section. In Section 2.2, ADM will be applied to the governing equation in order to obtain a semianalytical solution. The results of ADM are portrayed graphically and presented numerically in Section 3 and discussed in Section 4, and will be been compared with those of the numerical solution using Richardson extrapolation method 28 . 
Materials and Methods

Moment-Curvature Relationship and Governing Equation
Using the Bernoulli-Euler equation 29 , the curvature of a prismatic beam, κ, can be written as
where M is the bending moment, E is Young's modulus, I is the area moment of inertia of the beam, while EI is called the bending stiffness of the beam. Furthermore, θ s is the slope of any point along the arc length with respect to the x-axis, and s is the arc-coordinate on the neutral axis of the beam from the fixed end to the base. The moment at any point in the beam shown in Figure 1 is given by
where F is the point load at the free end. Thus, the bending equation of a uniform crosssection beam with large deflection is dθ ds
where the prime denotes the differential with respect to s, and where δ h is the horizontal deflection of beam. The axial elongation of the beam is neglected, because it is much smaller than the lateral deflection at the free end point. By differentiating 2.1 once with respect to s and rearranging it, we obtain
By introducing the dimensionless parameter ζ s/L, the original equation evolves into the governing equation for large deformation of a cantilever beam under free end point load shown in Figure 1 in the following form:
where α FL 2 /EI is the dimensionless end point load. The rotation angle of the beam at free end point is denoted by θ B θ 1 . The dimensionless exact vertical and horizontal displacements of the free end point are given by 24
where δ v is vertical distance of beam, E μ is the complete elliptic integral of the second kind, E ϕ, μ is the elliptic integral of the second kind, θ B is the rotation angle of the beam free end point, and
For infinitesimal deflection, we can assume that the linearized form of 2.5 according to
is sufficiently accurate to model the problem. Solution of 2.9 is 
Semianalytical Solution
It should be noted that this work deals with the large deformation of elastic beam, hence the assumption of sin θ θ and cos θ 1 is ineffectual. So, the Taylor series expansion of cos θ in 2.5 is considered as follows 15 :
The nonlinear operator N θ can be decomposed into an infinite series of polynomials given by
where A n θ 0 , θ 1 , . . . , θ n are the appropriate Adomian's polynomials defined by
14 where 
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The inverse operator L −1 is defined as the integral with respect to s' from 0 to ζ
If L is a second-order operator, L −1 is a twofold indefinite integral:
Solving 2.11 for L θ and multiplying by L −1 on both sides gives
Comparing 2.17 and 2.18 gives
where
So, 2.20 shows that f ζ is decomposed into f n ζ components where n 0, . . . , ∞. Also f 0 ζ is 0 for the discussed problem, f n ζ where n 1, . . . , ∞ arises from the prescribed initial or boundary conditions. Using 2.19 and 2.20 , we have In the same manner, the rest of the components until f 10 ζ are obtained. Lastly, in accordance with the standard Adomian method, the solution of θ ζ is obtained by the series
f n ζ .
2.22
As the number of polynomials of above equation increases from 1 to ∞, the solution changes from the linear solution to the original nonlinear one, while the accuracy increases accordingly see right column in Table 1 . With this result, the vertical and horizontal displacements of the beam can be determined by using 2.6 and 2.7 , respectively.
Results
To test the validity and accuracy of the method used in this study, the residual rotation angle for the beam shown in Figure 1 was determined as a function of ζ for the linear solution and the presented method. The results are displayed in Figure 2 . For further illustration, the results obtained by ADM are compared with the numerical result obtained by a finite difference technique using Richardson extrapolation 26 as stated in Table 1 .
For the purpose of comparison, both the maximum absolute error and accuracy at the free end are included in this table. In addition, the number of polynomials required for an accuracy of at least 99.00% is indicated in this table. The contour of rotation angle of the Mathematical Problems in Engineering 9 beam at any point along the beam versus α is portrayed graphically in Figure 3 . The trends of rotation angle, vertical and horizontal displacements of the beam at the free end point versus α are illustrated in Figure 4 . Table 1 
Discussion
This study demonstrates that the ADM method can conveniently be applied to the analysis of compliant mechanical systems. This method not only overcame the inaccuracy problem of the linear solution but also it has eliminated some shortcoming in conventional numerical methods like elliptic integrals, such as implementation difficulties and accuracy problems, due to table look-up. It provides a semiexact closed form solution for both the rotation angle of the beam at any point along the beam length as well as the vertical and horizontal position of the end tip and therefore this can provide a simple way to foretell the physical characteristic of the deflection without using numerical results. On the other hand, it can further be used for mathematical modeling and optimization of more complex CMs such as those in the work of 27 . Figure 2 shows that residuals from the presented method are significantly less than from the linear solution. Practically, they can be considered negligible. This gives us a reason to claim that the presented method is remarkably accurate. Also this figure shows that the method remains accurate if α is varied between 0.5 and 1.5 although the accuracy decreases with increasing α.
As expected, Table 1 shows that higher values of α larger deflection result in less accuracy for the linear model while just a slight reduction in accuracy can be seen in the presented method no more than 0.08% . It also shows that only few polynomials are required to reach the accuracy of 99.00%. Accordingly, the presented method not only is valid for small deflection of the beam but also is highly accurate for large deflection. As shown in this table, the expression for the rotation angle obtained by ADM is very accurate and convenient because the maximum error and the minimum accuracy for presented method is 5.37E-3 and 99.21%, respectively, and the computations are very straightforward using mathematical packages. If more accuracy were needed, the number of orthogonal polynomials used in 2.22 should be increased.
We report that considering computational time required for comparable accuracy, the presented method needs only 2.8 seconds to reach accurate results after 10 iterations using a CPU of 2.0 GHz.
As can be seen clearly in Figure 3 , the value of the rotation angle of the beam is increased as the dimensionless displacement ζ and dimensionless applied force α increase. Also, both increasing ζ and α give rise to a more significant increase of rotating angle. This approach presents a simple way to predict the results shown in these figures directly from 2.21 : both above results can be predicted due to positive powers of ζ and α. Now, as a closed-form expression for the rotation angle of any cross-section of the beam is obtained, the vertical and horizontal displacements can readily be calculated from 2.6 and 2.7 . As with the previous case, the effect of variations α is significant on all the above cases as illustrated in Figure 4 . An increase in α gives rise to an increase in rotation angle, and in vertical and horizontal displacements of the beam at free end point. However, as can be seen in Figure 4 , this effect is stronger for the rotational and vertical displacement and less strong for the horizontal displacement. As mentioned previously, these results can be straightforwardly predicted by 2.6 , 2.7 , and 2.21 . 
Conclusion
In this paper, we have successfully utilized ADM to handle the geometric nonlinearity caused by large deflection of a cantilever beam under a point load at the free end point. For small deformations, the linear solution is valid, but for larger deformation, we encounter a nonlinear problem. Using ADM, we obtained an explicit expression for the rotation angle along the beam, which lead to a semianalytical solution for vertical and horizontal displacements. It is evident that the method is very powerful and efficient for solving this kind of problems arising in compliant mechanisms and other mechanical systems, and presents a rapid convergence for the solutions. It also overcame the difficulty and inaccuracy in using conventional numerical and linear methods. Besides, as the semiexact solution of the governing equation is obtained, the optimal design of practical problems, prediction of physical characteristic, as well as mathematical modeling of more complex compliant mechanisms can be achieved conveniently.
It was found that the maximum inaccuracy for proposed solutions occurs at the free end point and amounts to less than 0.08% as compared to regular numerical solution methods. The method remains accurate if the dimensionless stiffness is varied although the accuracy decreases with increasing dimensionless stiffness. On the other hand, the dimensionless stiffness has less influence on the horizontal displacement of free end point in comparison to vertical displacement and end point rotation.
